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In high-temperature applications such as advanced turbine sys-
tems, aircraft engines, pressure vessels and combustion chambers,
the possibility of using homogeneous materials appears to be lim-
ited. The new trend is to coat the structural component by a heat-
resistive layer, generally a ceramic. However, because of the rela-
tively high mismatch in thermal expansion coefﬁcients, the result-
ing bonded structure is generally subjected to relatively high
residual and thermal stresses. As a result, the composite medium
becomes vulnerable to cracking, debonding and spallation
(Erdogan, 1995).
In order to overcome some of these shortcomings, the concept
of Functionally Graded Materials (FGM) was proposed in the
1980s in Japan to explore the use of graded coatings for thermal
shielding applications. To design components involving FGMs, an
important aspect of the problem is the question of mechanical fail-
ure, speciﬁcally the fracture failure (Lanutti, 1994). Fatigue and
fracture characterization of materials and related analysis require
the solution of certain standard crack problems.
Most of the crack problems solved over the past three decades
on non-homogeneous materials (Dhaliwal and Singh, 1978; Delale
and Erdogan, 1983; Erdogan, 1985; Ozturk and Erdogan, 1993)
provide the basis for the fracture mechanics research on FGMs
which are essentially non-homogeneous materials. In Erdoganll rights reserved.
: +216 71 74 88 4.(1995), a brief discussion is given on the application of elementary
concepts of fracture mechanics in non-homogeneous materials and
a number of typical problem areas are identiﬁed which relate to
the fracture of FGMs. An important problem is the nature of stress
singularities near the tip of a crack embedded in a non-homoge-
neous medium. Konda and Erdogan (1994) and Jin and Noda
(1994) showed that such a crack has the standard square-root sin-
gularity in addition to others encountered in a homogeneous med-
ium provided the material property model is continuous and
piecewise differentiable.
A number of crack problems in FGMs were solved accounting
for mechanical loading or thermal loading or a combination of
both. The crack can be either an embedded crack parallel or per-
pendicular to the free surface. A particular case of a crack perpen-
dicular to the free surface is the edge crack which is also called the
surface crack. Noda and Jin (1993) studied the problem of an
embedded crack parallel to the free surface for the case of an inﬁ-
nite FGM medium subjected to a steady-state heat ﬂux over the
crack surfaces by assuming continuously varying thermal proper-
ties. The same problem was extended by El-Borgi et al. (2004a)
by considering a steady-state heat ﬂux applied away from the
crack region, by modeling the crack faces as partially insulated
and by accounting for crack-closure effects. The case of an embed-
ded fully insulated crack parallel to the boundary of a semi-inﬁnite
graded medium subject to a steady-state heat ﬂux applied at the
free surface was studied by Jin and Noda (1993). This problem
was later extended to the case of transient heat ﬂux by Jin and
Noda (1994).
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ing in FGMcoatings under steady-state heat ﬂow. Chen and Erdogan
(1996) studied the problem of a graded coating on a homogeneous
substratewith an interface crack subjected tomechanically induced
crack surface tractions. This problemwas extended by El-Borgi et al.
(2003) by considering both thermal and mechanical loads and
accounting for crack-closure effects. In another study, El-Borgi
et al. (2004b) considered the problem of an embedded crack in a
graded coating bonded to a homogeneous substrate under
thermo-mechanical loading. El-Borgi et al. (2004b) considered the
problem of a graded coating bonded to a substrate subjected to a
Hertzian contact pressure and with an embedded crack in the
coating. The buckling problem of a graded isotropic and orthotropic
coating containing an embedded crack and bonded to a homoge-
neous substrate subjected to a compressive loading was investi-
gated by El-Borgi et al. (2006b) and Aloulou et al. (2009).
Relatively few studies considered axisymmetric crack problems
in FGMs. Ozturk (1992) studied the axisymmetric crack problem in
a non-homogeneous inﬁnite medium. The axisymmetric crack
problem in bonded materials with a graded interfacial region
was examined by Ozturk and Erdogan (1996). Sahin and Erdogan
(1997) solved the axisymmetric crack problem in a semi-inﬁnite
FGM medium under mechanical crack surface tractions.
We, therefore, consider in this paper the problem of an axi-
symmetric penny shaped crack embedded in an isotropic graded
coating bonded to a semi-inﬁnite homogeneous medium. The
crack is subjected along its surfaces to normal and shear tractions
which may be related to the external applied load. The resulting
mixed boundary value problem is solved analytically using the
method of singular integral equations as well as numerically
using the ﬁnite element method. The advantage of this dual
approach methodology is that it permits a direct comparison be-
tween analytical and numerical results leading to the develop-
ment of a reliable numerical predictive capability for this type
of problems. The main purpose of this study is to investigate
the effect of the non-homogeneity parameter and the crack posi-
tion in the FGM layer on the stress intensity factors.
This paper is organized as follows. The formulation and the
solution of the problem are described, respectively, in Sections 2
and 3. The numerical solution of the resulting singular integral
equations is summarized in Section 4. Section 5 presents the ﬁnite
element modeling of the problem. Finally, analytical and numerical
results are presented in Section 6.2. Problem description and governing equations
As shown in Fig. 1, the problem under consideration consists of
an inﬁnitely long graded coating of thickness h = h1 + h2, bonded to
a homogeneous semi-inﬁnite substrate. The problem is described
in the axisymmetric coordinate system (r,z). The graded coating
contains an embedded penny shaped crack of radius a located at
a distance h1 from the interface and at a depth h2 from the top free
surface of the coating. The material gradient is oriented along the
z-direction. The Poisson’s ratio m is assumed to be a constant since
the effect of its variation on the crack-tip stress intensity factors
was shown to be negligible (Ozturk, 1992; Ozturk and Erdogan,
1996; Sahin and Erdogan, 1997) and is equal to the same value
as that of the homogeneous substrate. On the other hand, the shear
modulus in the FGM layer l1 depends only on the z-coordinate and
is modeled by an exponential function expressed by
l1 ¼ l0 expðbzÞ; h1 6 z < h2; ð1aÞ
where l0 is the value of the shear modulus in the FGM coating along
the axis z = 0 and b is the non-homogeneity parameter controlling
the variation of the shear modulus in the non-homogeneous layer.For the homogeneous substrate, the shear modulus l2 is a con-
stant and is equal to the value of the FGM coating shear modulus at
the interface, thereby ensuring the continuity of the interface, as
given below:
l2 ¼ l0 expðbh1Þ: ð1bÞ
The loading consists of arbitrary tangential and normal crack
surface tractions, denoted, respectively, x1(r) and x2(r), which
may be expressed in terms of the external loads.
The equations of the axisymmetric problem for non-homoge-
neous isotropic elastic solids are the equilibrium equations (ignor-
ing body forces), the strain–displacement relationships and the
linear elastic stress–strain law given respectively by
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where j = 3  4m is the Kolosov constant.
Substituting (3) into (4), injecting the resulting expressions into
(2) and using (1) yield the following equations of elasticity:
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The above axisymmetric elasticity equations are subject to the fol-
lowing boundary conditions:
rrzðr;0þÞ ¼ rrzðr;0Þ ¼ x1ðrÞ; r 6 a; ð6a;bÞ
rzzðr;0þÞ ¼ rzzðr;0Þ ¼ x2ðrÞ; r 6 a; ð7a;bÞ
rzzðr;h2Þ ¼ rrzðr;h2Þ ¼ 0; r < þ1; ð8a;bÞ
Fig. 1. Geometry and loading of the problem.
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rrzðr; 0þÞ ¼ rrzðr; 0Þ; r > a; ð10aÞ
rzzðr; 0þÞ ¼ rzzðr; 0Þ; r > a; ð10bÞ
uðr;0þÞ ¼ uðr;0Þ; r > a; ð11aÞ
vðr;0þÞ ¼ vðr;0Þ; r > a; ð11bÞ
rrzðr;hþ1 Þ ¼ rrzðr;h1 Þ; r < þ1; ð12aÞ
rzzðr;hþ1 Þ ¼ rzzðr;h1 Þ; r < þ1; ð12bÞ
uðr;hþ1 Þ ¼ uðr;h1 Þ; r < þ1; ð13aÞ
vðr;hþ1 Þ ¼ vðr;h1 Þ; r < þ1: ð13bÞ
Eqs. (6) and (7) describe, respectively, the applied tangential
and normal crack surface loadings. Eq. (8) indicates that the top
surface of the graded coating is free of loading, while Eq. (9) states
that stresses must vanish far away from the crack (i.e. regularity
conditions). Finally, Eqs. (10a,b) to (13a,b) describe the continuity
conditions of the stress and displacement ﬁelds along, respectively,
the crack plane z = 0 away from the crack, and along the interface
z =  h1.
3. Solution of the embedded axisymmetric crack problem
The elasticity equations (5a-d) are solved using Hankel trans-
form to yield the displacement ﬁeld in the graded coating and in
the homogeneous substrate. The resulting expressions of the dis-
placement ﬁeld components along the r and zcoordinate axes are,
respectively, given by
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0
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¼
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0
Gðq; zÞqJ0ðrqÞdq; ð14a;bÞwhere J0 and J1 are, respectively, the Bessel functions of the ﬁrst
kind of orders 0 and 1, and the functions F(q,z) and G(q,z) can be
expressed as follows:
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In the above equations, the known functions sk, (k = 1, . . . ,6), are gi-
ven by Eqs. (A.1), the unknown functions Ck, (k = 1, . . . ,10), are
determined from the boundary conditions and m1, . . . ,m4 are the
four complex roots of the characteristic polynomial associated with
the elasticity equations (5a,b), which may be written as
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The roots of the above equation, which are two by two complex
conjugates, are given by
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(3) and using (4), yields the components of the stress ﬁeld that
are of interest and which may be written as follows:
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where the known functions pk and qk, (k = 1, . . . , 6), are given by Eqs.
(A.2) and (A.3).
Introducing the following density functions:
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and applying the stress continuity conditions (6a) and (7a) as well
as the boundary conditions (8–13), we obtain the following linear
algebraic system of equations in which the unknown functions Ck,
(k = 1, . . . , 10), are expressed in terms of the Hankel transforms of
the unknown density functions w1 and w2:
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Applying the remaining boundary conditions (6b) and (7b) yields
the following coupled singular integral equations in which the only
unknowns are the density functions w1 and w2,Z a
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where r 2 [0,a] and Kij(s,r), (i, j = 1,2), are given by
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in which dij(q), (i, j = 1,2), can be expressed as follows:
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where D is the determinant of the matrix corresponding to the sys-
tem (24), and Dij ði ¼ 1;2; j ¼ 5; . . . ;8Þ are its sub-determinants cor-
responding to the elimination of the ith row and jth column.
The functions dij(q), (i, j = 1,2), are continuous and bounded
functions, while the Kij(s,r), (i, j = 1,2), diverge when sgoes to r.
Thus, the dominant part of the kernels may be separated by taking
the asymptotic expansions as q goes to inﬁnity. Using the symbolic
manipulator MAPLE, the asymptotic expansion can be written as
truncated series of 1q2n1 and
1
q2n ; ðnP 0Þ; for, respectively, dii(q),
(i = 1,2), and dij(q), (i, j = 1,2), (i– j), and whose expressions are gi-
ven by Eqs. (A.4a–d). Thus, the kernels given by Eq. (27) may be
written as follows:
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where D* is an integration cut-off point and d111ðqÞ; d112ðqÞ; d121ðqÞ
and d122ðqÞ are the asymptotic expansions of, respectively, d11(q),
d12(q), d21(q) and d22(q), which are given by Eqs. (A.4a–d).
In Eqs. (29a–d), the ﬁrst terms in the right hand sides are inte-
grated numerically using a Gauss-quadrature method, while the
second terms are evaluated analytically using the recursive series
Hn, Vn andWn given in Appendix B. Finally, the last terms containing
Cauchy and logarithmic singularities, take the following forms after
several mathematical manipulations summarized in Appendix A:Z 1
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with m11(s, r), m12(s, r), m21(s, r) and m22(s,r) are continuous and
bonded functions given by (A10a-d).
Substituting Eqs. (30a–d) in (29a–d), and injecting the resulting
expressions in Eqs. (26a,b) gives
1
p
Z a
0
1
s r
1
sþ rþ
1
2r
ln js rj þ 1
2r
ln jsþ rj
 
w1ðsÞds
þ 1
p
Z a
0
k11ðs; rÞw1ðsÞdsþ
1
p
Z a
0
b
2
ln js rj  b
2
ln jsþ rj
 
w2ðsÞds
þ 1
p
Z a
0
k12ðs; rÞw2ðsÞds ¼
1þj
2
x1ðrÞ
l0
; r 6 a; ð31aÞ
1
p
Z a
0
 b
2
ln js rj  b
2
ln jsþ rj
 
w1ðsÞds
þ 1
p
Z a
0
k21ðs; rÞw1ðsÞds
þ 1
p
Z a
0
1
s r þ
1
sþ r 
1
2r
ln js rj þ 1
2r
ln jsþ rj
 
w2ðsÞds
þ 1
p
Z a
0
k22ðs; rÞw2ðsÞds ¼
1þ j
2
x2ðrÞ
l0
; r 6 a; ð31bÞ
where the known functions k11(s,r), k12(s,r), k21(s, r) and k22(s,r) are
Fredholm kernels which depend on the non-homogeneity parame-
ter b and whose expressions are given by Eqs. (A.11a–d).Taking advantage of the symmetry, the integration interval in
the ﬁrst and third singular terms of the left hand side of the above
equations can be extended from [0,a] to [a,a]. Thus, w1 becomes
an even function while w2 becomes an odd one, and Eqs. (31a,b)
become
1
p
Z a
a
w1ðsÞ
s r dsþ
1
p
Z a
a
1
2r
ln js rjw1ðsÞds
þ 1
p
Z a
0
k11ðs; rÞw1ðsÞdsþ
b
2
1
p
Z a
a
ln js rjw2ðsÞds
þ 1
p
Z a
0
k12ðs; rÞw2ðsÞds ¼
1þ j
2
x1ðrÞ
l0
; r 6 a; ð32aÞ
 b
2
1
p
Z a
a
ln js rjw1ðsÞdsþ
1
p
Z a
0
k21ðs; rÞw1ðsÞds
þ 1
p
Z a
a
w2ðsÞ
s r ds
1
p
Z a
a
1
2r
ln js rjw2ðsÞds
þ 1
p
Z a
0
k22ðs; rÞw2ðsÞds ¼
1þ j
2
x2ðrÞ
l0
; r 6 a: ð32bÞ4. Numerical solution
We deﬁne the following dimensionless quantities:
rij ¼ rij=l0; b ¼ ba; ð33a;bÞ
ðr;zÞ ¼ ðr; zÞ=a; ðu; vÞ ¼ ðu;vÞ=a; ð33c—fÞ
For simplicity, in what follows, the bar appearing with the dimen-
sionless quantities is omitted.
The dominant kernels of the system of integral equations
(32a,b) are of the Cauchy type. Consequently, its solution is of
the following form (Erdogan and Gupta, 1972):
wiðsÞ ¼
1þ j
2
/iðsÞð1þ sÞ
1
2þbi ð1 sÞ12þci ði ¼ 1;2Þ; ð34a;bÞ
where /i(s) are continuous and bounded unknown functions de-
ﬁned in the interval [1,1], and bi and ci are integers determined,
from indices of the integral equations as follows (Erdogan and
Gupta, 1972):
b1 ¼ 1; c1 ¼ 0; ð35a;bÞ
b2 ¼ 1; c2 ¼ 0: ð35c;dÞ
Therefore, /1(s) and /2(s) may be expressed as truncated series of
Chebyshev polynomials of the ﬁrst kind (Erdogan and Gupta,
1972). Taking into account the symmetry conditions of w1(s) and
w2(s), the solution of (32a,b) may be expressed as
w1ðsÞ ¼
1þ j
2
XN
n¼0
~anﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p T2nðsÞ; ð36aÞ
w2ðsÞ ¼
1þ j
2
XN
n¼1
~bnﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p T2n1ðsÞ: ð36bÞ
where ~an and ~bn; ðn ¼ 1; . . . ;NÞ, are unknown coefﬁcients.
By observing that r[u(r,0+)  u(r,0)] = 0 at r = 0 and r = a, we
obtain the following single-valuedness conditions:
R 1
0 rw1ðrÞdr ¼ 0
which implies that ~a0 ¼
PN
n¼1~an
ð1Þn
4n21.
Thus, the density functions given by (36a,b) become
w1ðsÞ ¼
1þ j
2
XN
n¼1
~anﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p T2nðsÞ þ ð1Þ
n
4n2  1
 
; ð37aÞ
w2ðsÞ ¼
1þ j
2
XN
n¼1
~bnﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p T2n1ðsÞ: ð37bÞ
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coupled singular integral equations (32a,b) become
XN
n¼1
~an U2n1ðrÞ 12r
T2nðrÞ
2n
ð1Þn 1
2r
lnð2Þ
4n21

þ1
p
Z 1
0
k11ðs;rÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p T2nðsÞþ ð1Þ
n
4n21
 
ds

þ
XN
n¼1
~bn T2n1ðrÞ2n1
b
2
þ 1
p
Z 1
0
k12ðs;rÞT2n1ðsÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ds
 
¼x1ðrÞ; ð38aÞXN
n¼1
~an
T2nðrÞ
2n
b
2
þ ð1Þn lnð2Þ
4n2  1
b
2
þ 1
p
Z 1
0
k21ðs; rÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p T2nðsÞð

þ ð1Þ
n
4n2  1

ds

þ
XN
n¼1
~bn U2n2ðrÞ þ 12r
T2n1ðrÞ
2n 1

þ 1
p
Z 1
0
k22ðs; rÞ T2n1ðsÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ds

¼ x2ðrÞ: ð38bÞ
where r 2 [0,1].
Using a suitable collocation method
ri ¼ cos 2i 12N
p
2
 
ði ¼ 1; . . . ;NÞ; ð39Þ
and evaluating numerically the integrals from 0 to 1 using Gauss-
quadrature method, we obtain a system of 2N linear algebraic equa-
tions with 2N unknowns, namely ~an; ~bn ðn ¼ 1; . . . ;NÞ. Finally, the
stress intensity factors at the crack tips can be determined from
the expressions of the stress ﬁeld as follows (Ozturk, 1992):
k1ð1Þ ¼ lim
r!1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðr  1Þ
p
rzzðr;0Þ; ð40aÞ
k2ð1Þ ¼ lim
r!1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðr  1Þ
p
rrzðr;0Þ: ð40bÞ
which can be simpliﬁed and expressed in terms of the unknown
coefﬁcients ~an and ~bn; ðn ¼ 1; . . . ;NÞ; as follows:
k1ð1Þ ¼ 
XN
n¼1
~bn; k2ð1Þ ¼ 
XN
n¼1
~an: ð41a;bÞ5. Finite element modeling
In addition to the singular integral equations method, the multi-
physics ﬁnite element commercial code ANSYS (2007) is used to
estimate the stress intensity factors. Taking advantage from the
axisymmetry, only the problem projection onto the (r,z) plane is
modeled. The ﬁnite element model includes quadratic eight-nod-
ded PLANE82 elements in addition to degenerated triangular sin-
gular elements, with mid-side nodes placed at the quarter points
used around the crack tip to model the stress singularity. Material
properties are assigned according to centroidal coordinate of each
element and are constant within each one. The crack length equals
1. To simulate the semi-inﬁnite medium, the height and the length
of the substrate are both taken equal to 12. These dimensions are
chosen in such a manner that the increase in any dimension has
no effect on the stress intensity factors. Convergence check is care-
fully performed and the number of elements is determined such
that increasing the number of elements does not change the signif-
icant digits of the results. This implies that element reﬁnement is
sufﬁcient to capture the correct material property gradation. A
typical mesh of the model, shown in Fig. 2, has around 16,000
elements, depending mainly on h2/a ratio.6. Results and discussion
The main results of this study are the stress intensity factors
calculated for various loading conditions and for different values
of the dimensionless FGM layers thicknesses h1/a and h2/a and
the non-homogeneity parameter ba. Two types of coatings were
considered depending on the sign of ba: a compliant and a stiff
coating corresponding, respectively, to a negative and a positive
value of ba. The Poisson’s ratio m is taken as a constant value equal
to 0.3.
6.1. Validation with published results and comparison with ﬁnite
element results
The obtained results were ﬁrst validated based on the results of
an inﬁnite homogeneous medium. For the considered problem, for
a large value of the above-crack FGM layers thickness (h2/a?1 )
and a small value of non-homogeneity parameter (ba = 0), the
problem conﬁguration tends toward an inﬁnite homogeneous
medium with a penny shaped embedded crack. This problem
was studied by Ozturk and Erdogan (1996) who showed that the
cracking modes are uncoupled and the values of the stress inten-
sity factors for constant normal and linear tangential crack surface
tractions distributions are, respectively, k1 ¼ 2pr0
ﬃﬃﬃ
a
p ¼ 0:6366r0
ﬃﬃﬃ
a
p
and k2 ¼ 43p s1
ﬃﬃﬃ
a
p ¼ 0:4244s1
ﬃﬃﬃ
a
p
(Ozturk and Erdogan, 1996). These
values are in perfect agreement with our results k1 ¼ 0:6372r0
ﬃﬃﬃ
a
p
and k2 ¼ 0:4244s1
ﬃﬃﬃ
a
p
obtained for large values of the above-crack
FGM layer thickness and small non-homogeneity parameter (h2/
a = 8 and ba = 0.001).
The obtained results were additionally compared with ﬁnite
element simulation results using the commercial code ANSYS.
The stress intensity factors were computed both analytically and
numerically using, respectively, the singular integral equations
method and the ﬁnite element method. The obtained results,
shown in Fig. 3, reveal that analytical and numerical results are rel-
atively close with a maximum relative error less than 2%, which
indicates the accuracy of the predictive capability of ANSYS at least
for this problem.
6.2. Axisymmetric shape effect
The considered crack problem is characterized by its axisym-
metric shape. The corresponding plane strain crack problem was
studied by El-Borgi et al. (2006a). Fig. 4 compares the crack-tip
stress intensity factors for both crack problems for the case of a
crack located in the middle of the coating h1/a = h2/a = 1/2. The
obtained results indicate that the stress intensity factors are lower
for the axisymmetric case. The results are expected since a plane
crack corresponds to a larger domain of discontinuity. In fact, an
axisymmetric crack may be inscribed inside a plane crack of the
same radius.
6.3. Parametric study
6.3.1. Effect of the above-crack FGM layer thickness
Figs. 5 and 6 show the variation of the stress intensity factors k1
and k2 with varying values of the non-homogeneity parameter ba
and different coating thicknesses, for the cases of a crack located
at h1 = 0.5a and an interface crack h1 = 0, respectively. It is clear
that an increase in the FGM coating thickness leads to a decrease
in the stress intensity factors regardless the non-homogeneity
parameter.
That can be explained by the fact that increasing the FGM thick-
ness while the distance from the crack to the interface remains
constant means an additional amount of material above the crack.
Fig. 2. Finite element model (a) and typical mesh reﬁnement around the crack tip (b).
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creases the resulting strain. Since stress intensity factors are line-
arly dependant on the strain tensor components, they decrease
as well.
6.3.2. Effect of the under-crack FGM layer thickness
Fig. 7 depicts the variation of the stress intensity factors k1 and
k2 for different coating thicknesses, different values of the non-
homogeneity parameter ba and a constant crack distance from
the free surface h2 = 0.5a. In case of a stiff coating (ba > 0), an in-
crease of the FGM coating thickness leads the stress intensity fac-
tors to increase. However, in the case of a compliant coating
(ba < 0) stress intensity factors decrease when the coating thick-
ness increases.
That can be explained by the fact that increasing the FGM thick-
ness while the distance from the crack to the interface remains
constant results in higher compliance of the substrate in case of
stiff coating and higher stiffness of the substrate in case of compli-
ant coating as obvious in Eq. (1b). Therefore, the strain is higher for
the stiff coating and lower for compliant one, and so are the stress
intensity factors.6.3.3. Effect of the crack depth position
Fig. 8 illustrates the effect of varying the crack depth position on
the stress intensity factors k1 and k2 for different values of the non-
homogeneity parameter ba and for a constant coating thickness;
h1 + h2 = a. It can be seen that the closer the crack is to the inter-
face, the lower the stress intensity factors are. The only exception
is the case of mode two stress intensity factor with tangential load-
ing, in which, for the compliant coating case, k2 may increase when
the crack gets closer to the interface. This can be explained by the
fact that, the nearer to the free surface the crack is, the lower the
amount of material above the crack is. This leads to a lower stiff-
ness of the structure above the crack.
On the other hand, in case of a stiff coating, (ba > 0) the larger
the distance between the crack and the interface is, the more com-
pliant the substrate is (Eq. 1b) and, the two effects help each other
to increase the stress intensity factors as the crack gets closer to
the free surface. However, in case of a compliant coating (ba < 0),
the larger the distance between the crack and the interface is,
the stiffer the substrate is. This causes the stress intensity factors
to decrease. Fig. 8d shows that this fact is pronounced only in
the case of mode II stress intensity factor for a crack very close
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Fig. 8. Effect of the non-homogeneity parameter ba on the normalized stress intensity factors under constant normal (a, b) and linear tangential (c, d) crack surface tractions
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ing cases (Fig. 8a–c), this fact is hidden by the increase of compli-
ance of the above-crack FGM layer.
6.3.4. Effect of the non-homogeneity parameter
Figs. 3–8 show the variation of the stress intensity factors (SIFs)
k1 and k2 for different values of the non-homogeneity parameter ba
and for different crack depth positions and coating thicknesses. It is
clear that the absolute values of the SIFs vary in a parabolic manner
with respect to the non-homogeneity parameter. Indeed, increas-
ing the values of ba has a tendency to reduce the SIFs in absolute
value to a minimum corresponding to a value of ba denoted b*a,
and then the SIFs start increasing again in absolute value. As shown
in Fig. 3, when the conﬁguration tends to that of an inﬁnite FGM
medium, b*a tends to 0, corresponding to the case of a homoge-
neous medium. Otherwise, the minimum SIFs in absolute value
are obtained for a non-zero non-homogeneity parameter depend-
ing on the crack position in the FGM coating (Figs. 4–8).
This can be explained by the fact that the increase of the non-
homogeneity parameter results in stiffer FGM layer above the
crack and more-compliant substrate. These facts have competitive
effects on the absolute values of the stress intensity factors: the
ﬁrst and the second have a tendency to reduce and increase the
SIFs, respectively. In the case of a compliant coating, the compli-
ancy of the overall composite system is mainly localized in the
FGM layer above the crack and so is the strain. Therefore, the vari-
ations of the SIFs are mainly correlated to the above-crack FGM
layer compliancy variation. This explains the decrease of k1 and
k2 in absolute values with increasing values of the non-homogene-
ity parameter ba. Similarly, in the case of a stiff coating, the
compliancy of the system is basically localized under the crack.
Hence, the variations of the SIFs are mainly correlated to the
under-crack compliancy variations. Thus, k1 and k2 increase in
absolute values with increasing values of the non-homogeneity
parameter.7. Conclusion
In this paper, the axisymmetric problem of a cracked graded
coating bonded to a homogeneous half-space was considered.
The crack is embedded in the FGM layer and parallel to its free
surface. The material properties in the graded coating were as-
sumed to vary exponentially in the direction perpendicular to
the plane of the crack. The crack surfaces are subjected to
mechanical loading. Using Hankel transforms, the coupled elastic-
ity equations were converted analytically into singular integral
equations which were then solved numerically to yield the dis-
placement ﬁeld in the medium as well as the crack-tip stress
intensity factors. The Finite Element Method was additionally
used to model the crack problem and revealed a satisfactory
accuracy. A detailed parametric study showed that crack-tip SIFs
are lower for axisymmetric case compared to the corresponding
plane strain problem. The stress intensity factors decrease with
increasing above crack coating thickness. Meanwhile, with
increasing under crack coating thickness, they increase in case
of a stiff coating but decrease in case of a compliant one. Finally,
stress intensity factors showed a parabolic type behavior with
varying non-homogeneity parameter.
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A.1. Expressions of quantities appearing in Eqs. (15–17) and (20–22)
sk ¼ ðj 1Þm
2
k þ bðj 1Þmk q2ðjþ 1Þ
2qmk þ bqðj 1Þ ðk¼ 1; . . . ;4Þ; ðA:1a—dÞ
s5 ¼ 1; s6 ¼ jqþ h1; ðA:1e; fÞ
pkðqÞ ¼ ð1þ jÞskðqÞmk þ ð3 jÞq ðk ¼ 1; . . . ;4Þ; ðA:2a—dÞ
p5 ¼ 2qð1 jÞ; p6 ¼ ðj2  1Þ  2qð1 jÞh1; ðA:2e; fÞ
qkðqÞ ¼ mk  qskðqÞ ðk ¼ 1; . . . ;4Þ; ðA:3a—dÞ
q5 ¼ 2q; q6 ¼ ð1 jÞ  2qh1: ðA:3e; fÞA.2. Asymptotic development of the functions dij(q), (i, j = 1,2),
appearing in Eqs. (29a–d)
The asymptotic expansion of the functions dij(q), (i, j = 1,2), can
be written as truncated series of 1q2n1 and
1
q2n ; ðnP 0Þ; for, respec-
tively, dii(q), (i = 1,2), and dij(q), (i, j = 1,2), (i– j), as follows:
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The singularity generating terms verify the following identities:Z 1
0
qJ0ðsqÞJ1ðrqÞdq ¼ 
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where K and E are, respectively, the complete and incomplete ellip-
tic functions given by
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Z p
2
0
dhﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k2 sin2 h
p ;
EðkÞ ¼
Z p
2
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k2 sin2 h
q
dh: ðA6a;bÞ
Introducing the functions Mij, (i, j = 1,2),
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The ﬁrst terms of the right hand side of Eqs. (A8a,d) produce the
strong-type Cauchy singularities, while the last terms of Eqs.
(A8a,d) and (A8b,c) give the weak-type logarithmic singularities.
The latter can be extracted by expanding the elliptic functions K
and E as inﬁnite series (Ozturk, 1992). Substituting the resulting
expressions in (A8a–d) yields the following equations:Z 1
0
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1
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where m11(s,r), m12(s,r), m21(s, r) and m22(s,r) are continuous and
bounded functions given by
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ðA:10dÞA.4. Expression of quantities appearing in Eqs. (31a,b)
After extracting the singularities from the kernels, the remain-
ing terms are added in order to be integrated numerically using a
Gauss-quadrature method. These terms which form the expres-
sions of kij, (i, j = 1,2), appearing in Eqs. (31a,b), can be written as
follows:
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B.1. Evaluation of the coupled recursive series Hn, Vn and Wn used in
(29a–d)
The asymptotic expansion of the kernels are written as trun-
cated series of 1q2n1 and
1
q2n ; ðnP 0Þ; for, respectively, dii(q),
(i = 1,2), and dij(q), (i, j = 1,2), (i– j), in Eqs. (A.4a–d). In order to
evaluate their integral on the semi-inﬁnite interval [D*,+1[, which
correspond to the second terms of the right hand side of Eqs. (29a–
d), the following recursive series are deﬁned:
Hnðs; rÞ ¼
Z 1
D
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Z 1
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dq: ðB:1cÞ
Using integration by part technique yields the following relations:
Hnþ1ðs; rÞ ¼ J0ðrqÞJ0ðsqÞnDn 
r
n
Vnðr; sÞ  snVnðs; rÞ; ðB:2aÞ
Vnþ1ðs; rÞ ¼ J0ðrqÞJ1ðsqÞðnþ 1ÞDn þ
s
nþ 1Hnðs; rÞ 
r
nþ 1Wnðs; rÞ; ðB:2bÞ
Wnþ1ðs; rÞ ¼ J1ðrqÞJ1ðsqÞðnþ 2ÞDn þ
r
ðnþ 2ÞVnðs; rÞ þ
s
ðnþ 2ÞVnðr; sÞ; ðB:2cÞ
where initial terms of the above series are:
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ðB:3cÞB.2. Evaluation of the integral containing the singularities appearing in
Eqs. (38a,b)
Using the following identities, the integrals containing the
strong-type Cauchy singularities and the weak-type logarithmic
singularities are evaluated.
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ðB:4bÞwhere Tn and Un are, respectively, the Chebyshev polynomials of the
ﬁrst and second kinds.References
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